Abstract: This paper presents the flexural analysis using the Galerkin-Vlasov method for rectangular
I. Introduction
Plates are three dimensional structural elements, having thicknesses much smaller than the other dimensions. The stress state in a typical plate problem is thus a three dimensional stress state; described using three dimensional theory of elasticity [1] . The behaviour of plates depends greatly on the ratio of the thickness to the least lateral dimension. Thus plates have been classified into three groups [2, 3] namely (i) thin plates with small deflections (ii) thin plates with large deflections and (iii) thick plates. Thin plates are defined as those plates which the ratio of the thickness to the smaller span length is less than 1/20 [2] . Ventsel and Krauthammar [4] define thin plates as plates with a/h ratio in the range 8 10 80 10 ... / ...
ah 
Plates are important structural components/elements extensively used in various engineering applications such as floor slabs, bridge decks, rigid pavements of highways and airport runways, ship decks, aerocraft and spacecraft panels and retaining walls. The behaviour of plates depends on the type and nature of load application, and in general, plates can be subject to flexural, dynamic, and buckling behaviours. Plates are also classified by their shapes and materials as rectangular, circular, elliptical, polygonal, orthotropic, anisotropic, isotropic, homogeneous and non-homogeneous (heterogeneous). In this work, the static flexural analysis of rectangular thin plates of the Kirchhoff plate model is performed using the Galerkin-Vlasov method.
II. Literature Review
Literature survey shows that several theories are used to describe the static flexure of plates. Szilard [3] presented the variable thickness thin plate theory as 
D(x, y) is the flexural rigidity of the plate which is shown to vary with the spatial coordinates variables, x and y,  is the Poisson's ratio, q z (x, y) is the distributed transverse load on the plate, w(x, y) is the plate transverse deflection.
Only a few problems of plates with variable flexural rigidity have been solved by the classical methods of Levy and Navier [4] . The complexity of the analysis of thin plates with variable thickness depends significantly on the mathematical expressions describing the thickness variation and the flexural rigidity [3] . Large deflection thin plate theory, originally formulated by von-Karman in 1910, comprise the following equilibrium and compatibility equations 4 
where L is a partial differential operator, defined as Equation (2) 
where 2  is the Laplacian operator in Cartesian coordinates.
Reissner's plate theory is an extension of the Kirchhoff -Love plate theory incorporating shear deformation effects; and is useful in moderately thick plates. Reissner's assumption of quadratic variation of shear stress through the thickness is consistent with theory of elasticity solution for plates under static flexure.
Mindlin relaxed Kirchhoff's hypothesis and using a displacement based approach, modified the Kirchhoff -Love plate theory, thus extending the scope of application to thick plates. Mindlin's first order shear deformation plate theory has been developed by Mindlin [6] , Mindlin and Deresiewicz [7] and Mindlin et al [8] . They considered shear deformation effects on the plate flexural behaviour by assuming linear variations for all three displacement components across the plate thickness.
The governing partial differential equations (PDE) of isotropic Mindlin plates are a system of three partial differential equations in terms of three unknown displacement parameters, w,  x and  y . They are [6, 3] (11) where k = shear correction factor G = shear modulus D = flexural rigidity of plate h = plate thickness q = transverse load  = Poisson's ratio of plate material  x ,  y = rotations of plate middle surface w(x, y) = transverse displacement Mindlin plate theory assumes the shear strain (shear stress) is constant across the plate thickness in violation of the predictions of the theory of elasticity solutions for plate flexure since the shear stress are known to have a parabolic (quadratic) variation over the plate thickness. Mindlin introduced a shear correction factor, k to ensure the lowest amount of internal energy is predicted by the Mindlin theory. The shear stress correction factor, k, merely results in the resultant shear stress being in agreement with the theory of elasticity solutions, but the distribution of the shear stress over the plate thickness violate theory of elasticity solutions.
Higher Order Shear Deformation Plate Theory (HSDPT)
Chandrashekhara [9] developed a HSDPT for rectangular isotropic plates in flexure by limiting the displacement variation in the x and y coordinate directions to the cubic term of the thickness coordinate, z while the lateral deflection in the z direction is considered to vary only with the x and y coordinates. Using those assumptions on the displacement components, and the strain-displacement equations, the stress-strain law and equilibrium, the governing partial differential equations of the HSDPT were given by Chandrashekhara [9] as follows (14) where , xy  are unknown parameters used to describe the displacement field. w 0 is the transverse deflection q is the distributed transverse load. D is the flexural rigidity of plate and h is the plate thickness.
As is evident in the complex and complicated nature of the governing PDE, higher order plate theories are cumbersome and conceptually more demanding, because with each additional power of the thickness coordinate, more unknown variables are introduced into the governing equation, and some of these unknown variables may not have physical interpretation.
Kirchhoff -Love Plate Theory (Classical Plate Theory)
Kirchhoff plate theory is a linear plate theory that uncouples flexure and stretching behaviours of the plate. Kirchhoff plate theory reduces the three dimensional plate problem to a two dimensional problem by integrating out the thickness dimension and expressing equilibrium in terms of force resultants. The CPT is based in the following kinematic assumptions: In most plate problems, the plate thickness is small as compared to the other planar dimensions and the plate deflections are usually small in comparison with the thickness of the plate [10] . This makes the CPT the plate model of choice in the description of most of such plate problems where the plate is thin and the plate deformations are small compared with the plate thickness.
Some advantages of the CPT include [10] , (i) the bending and stretching behaviours are uncoupled but can be analysed together by linear addition due to the linear nature of the PDE. (ii) the governing PDE involves only one unknown variable -the transverse displacement. (iii) the stresses can be calculated from the stress displacement equations. (iv) CPT yields parabolic variation of stress  yz and  zx over the thickness in agreement with structural analysis results.
Methods for solving plate problems
A review of literature shows that methods for solving plate problems can be classified into two broad groups namely: analytical methods, and numerical methods. Analytical methods aim at solving the governing equations of the plate problem in a mathematically rigorous manner, and thus to obtain solutions which exactly satisfy the governing equations within the plate domain as well as the plate boundaries. Analytical methods thus lead to closed form solutions for the plate problems. Typical analytical methods include Navier's double trigonometric series method [11] , Levy's single trigonometric series method [12] . Numerical methods are methods used to obtain approximate solutions to the plate problem. They are particularly useful when closed form solutions cannot be obtained by rigorous mathematical solution of the plate problem. Numerical methods include variational Ritz methods, variational Galerkin methods, weighted residual methods, finite Difference methods, finite Element methods, Boundary Element methods, and collocation methods.
Variational methods of Ritz and Galerkin have been applied to the analysis of plates by Osadebe et al [13] , Aginam et al [14] , Mbakogu and Pavlovic [15] , Reddy [16] , Balasubramanian [17] , and Kantorovich and Krylov [18] . Ezeh et al [19] presented finite difference method of plate analysis. Closed form analytical solutions of the plate problem using the methods of Navier, Levy and the separation of variables method have been presented in Ventsel and Krauthammer [4] , Szilard [3] , Chandrashekhara [9] , Ugural [2] and Timoshenko and Woinowsky-Krieger [10] .
III. Research Aim and Objectives
The principal aim of this study is to apply the Galerkin-Vlasov method for analysis of rectangular Kirchhoff plates with two opposite edges x = 0, x = 2a simply supported and the other two opposite edges , yb  y = b clamped, for the case of uniformly distributed load. The specific objectives include: (i) to present the Galerkin-Vlasov variational integral for the Kirchhoff plate with two opposite edges x = 0, x = 2a simply supported and the other two edges , yb  y = b clamped for the case of uniformly distributed load.
(ii) to obtain solutions for the deflection and bending moment for the Kirchhoff plates problem formulated in (i) above (iii) to compare the maximum values of the deflection, and bending moments obtained in (ii) above with the solutions from literature.
IV. Galerkin-Vlasov Formulation and Solution
We consider the rectangular Kirchhoff plate with two opposite edges simply supported and the other two opposite edges clamped. The plate is submitted to a uniformly distributed transverse load of constant intensity p 0 over the entire domain of the plate. The x and y coordinate axes are defined as shown on Figure 1 The governing partial differential equation of an isotropic Kirchhoff plate is the fourth order partial differential equation given as Equation (15) . The boundary conditions of the plate under consideration in this study are 
The displacement shape functions of the Galerkin-Vlasov formulation presented in this study are orthogonal basis functions, and the above equations simplify to 
The integrations are evaluated using Mathematica software on line integrator. where 
The integrals are evaluated using the online Mathematica integrator software to obtain The values of the maximum deflection are evaluated for various values of the plate aspect ratios, and using a one term and four term truncation of the orthogonal series F m (x) G n (y) and presented in Table 1 . These maximum deflection values are then compared with the classical solutions obtained by Timoshenko and Woinowsky-Krieger who solved the same problem by applying the principle of superposition.
Bending Moment Distribution
The bending moment distributions are given by Tables 1, 2 
V. Discussion of Results
The Galerkin-Vlasov variational method has been applied in this work to determine the deflection function and deflection at the centre of a rectangular Kirchhoff plate with two opposite edges () yb  clamped and the other opposite edges (x = 0, x = 2a) simply supported, for uniformly distributed load on the entire plate region. The Galerkin-Vlasov variational functional constructed using the product of the eigen functions of vibrating simply supported Euler -Bernoulli beams (in the x-direction) and the eigen functions of clamped clamped Euler -Bernoulli beams (in the y-direction) is given in Equation (26). The Garlerkin-Vlasov variational functional is expressed in general in terms of undetermined displacement parameters w mn of the displacement function W(x, y).
Solving with the aid of the online Mathematica integration software gave the undetermined displacement parameter w mn given in Equation (39) and the displacement function given in Equation (45). The maximum displacement of the plate was found to occur at the centre of the plate, in line with the symmetrical features of the plate and the loading, and is tabulated as Table 1 . A comparison of the maximum deflection of the SCSC thin plate with the Timoshenko results shows that for m = 1, n = 1, a relative percentage difference exists ranging from 1.39% for plates with aspect ratios of infinity to about 4.5% to square plates. The difference between the present study and the Timoshenko results reduced significantly to an average of -0.37% for m = 1, 3, n = 1, showing the rapidly convergent property of the deflection function Equation (45) obtained in this study and showing good agreement with the Timoshenko and Woinowsky's results obtained using the principle of superposition of solutions for simply supported plates and solutions for plates carrying edge bending moments. Tables 2 and 3 present the converged maximum deflection solutions in terms of the plate aspect ratios obtained in the present study, and compare them with solutions obtained by Timoshenko and WoinowskyKrieger [10] for the two cases when b < a, and when b > a. The tables illustrate the excellent agreement between the two results for maximum deflection at convergence of the Galerkin-Vlasov solutions. Tables 4 and 5 presents a convergence study of the behaviour of the series for maximum deflection function (for b < a, and b > a) for various aspect ratios. The tables show that convergence is achieved using five terms of m, and n i.e. m = 1, 3, 5, 7, 9 and n = 1, 2, 3, 4, 5. Tables 6 and 7 present the bending moment coefficients for b < a and for b > a and for various plate aspect ratios at the center of the plate. The tables illustrate the excellent agreement between the present study and the results from Timoshenko and Woinowsky-Krieger [10] . Table 8 
VI. Conclusions
The Galerkin-Vlasov variational method has been applied in this study to determine the deflection function and the maximum deflection of a rectangular Kirchhoff plate with two opposite clamped edges (y = b) and the other two opposite edges (x = 0, x = 2a) simply supported. The plate studied was considered isotropic, homogeneous, thin, and under small deflections and subject to a uniformly distributed load of intensity p 0 on the entire plate domain.
The displacement shape functions were found using the Vlasov model as the product of the eigenfunctions of a clamped clamped Euler -Bernoulli beam in the corresponding clamped direction and the eigen-DOI: 10.9790/1684-1402016174 www.iosrjournals.org 74 | Page functions of a simply supported Euler -Bernoulli beam in the corresponding simply supported direction. The plate variational functional was then derived using Galerkin-Vlasov methodology and solved to obtain the unknown parameters of the displacement field, and hence the displacement field.
The maximum deflection and maximum bending moments were found to occur at the centre of the plate, satisfying the requirements of symmetry of the plate and the loading. In order to verify and validate the results of this study, numerical values of the maximum deflection and maximum bending moments were obtained for various plate aspect ratios, and compared with the Timoshenko and Woinowsky solution of the same problem. The present results show good agreement with the classical solution obtained by Timoshenko and Woinowsky. The effectiveness of the Galerkin-Vlasov method is thus illustrated. The results obtained for both the deflections and bending moments were exact solutions. (i) The Galerkin-Vlasov method yielded rapidly convergent double series for the deflection function for the Kirchhoff plate with opposite edges simply supported and the other edges clamped for the case of uniformly distributed load over the entire plate surface. (ii) The deflection functions obtained converged to the exact solution for m = 1, 3, 5, 7, 9; n = 1, 2, 3, 4, 5.
However, satisfactorily accurate results were obtained for m = 1, 3; n = 1, 2. (iii) The expressions obtained for bending moments were also rapidly convergent double series, and satisfactory results with marginal relative error were obtained using a few terms of the series. (iv) Galerkin-Vlasov method gave closed form analytical solutions to the Kirchhoff plate problem considered in this study.
